INTRODUCTION
The behavior of a layered reservoir under the influence of a pumping well is a problem of interest in the field of reservoir engineering~ Numerous papers have been written on various aspects of this problem. Hantush and Jaco~1 have presented solutions for steady state flow to a well draining one of the layers of a two-layer bounded reservoir. Lefkovits et a1.2 studied the transient performance of a stratified bounded reservoir where the producing well is completely ~etrating and there is no crossflow. Papadopulos has studied the same problem for only t110 layers of infinite areal extent.
References and illustrations at end of paper.
A sillilar problem, but with crossflow between adjacent layers, has also been investigated by Katz4 and Russell and PratsS for the case of constant head at the wellbore, and by Jacquard6 and Boulton and Streltsova 7 for constant flow rate.
In addition to the above works, which are all based on the analytical approach, many authorsB-13 have applied numerical as well as analog models to handle problems of flow in layered reservoirs. Recently, Javandel and Wi therspoon14 studied the problem of flow to a partially penetrating well in a two-layer aquifer where the well is cpen in the top layer and the lower layer is considered to be infinitely thick.
In this paper ve shall present an analytic solution to the problem of transient flow to a partially penetrating well that is open in either layer of a two-layer system where both layers are finite in thickness. cross flow is permi ttea at the interface between the two layers. 'nlese solutions can reaaily be evaluated numerically. Asymptotic for.a of the solution for small and large values of time are developed from the qeneral solution. The approach here is to start with the problem when the pumping well is open only in the top layer. A solution is then developed for the case when the well is partially penetrating only in the lower layer. the analytical solutions are evaluated numerically and results are presented in dimensionless form on semiloqarithlllic plots for a few different parameters. Based on the application of these results, a method is proposed for interpretation of the pump-test data in two-layer reservoirs.
WEI..L OPEN IN 'roP LAYm
Let us consider a reservoir consisting of two layers that are confined above and below by imperVious layers as illustrated on Figure 1 . Each layer has its own flow properties, is finite in thickness, and extends radially to infinity. The interface between the two layers is an open boundary, meaning that no discontinuity of potential or its gradient is allowed across this surface. The top layer of the ayste• is partially penetrated by a well of infinitesimal radius for a length t from the top of 
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which is tbe Bentush16 solution for single-layer partial penetration. Bquation 13, thus, provides an independent checlt on tbe tvo-layer solution. 
This is an interesting result because it indicates that a semilog plot of dimensionless pressure versus dimensionless time at the wellbore or at any shut-in observation well will yield a straight line when the pumping time becomes sufficiently large. From Eq. 16, it is apparent that the slope of this line will be:
When r > (h 1 + h 2 l the value of to 0 corresponding to P 01 ~ 0 will be given by
Although Eq. 18 holds for r > (h 1 + h 2 ), Eq. 17 is true for all radial distances.
WELL OPEN IN LOWER LAYER
When the pumping well is open along length i in the upper part of the lower layer (Fig. 2) , the general solution for this particular case is given by the following set of equations15:
and o are given in Appendix A.
DISCUSSION OF RESULTS Figure 3 shows a semilog plot of dimensionless pressure versus dimensionless time to illustrate how the effects of partial penetration at different radial distances in a two-layer reservoir differ from those for the single layer. These results were determined for the particular location z = h 1 , which means the top of the producing well, but as will be shown below, the average pressure drop over the open wellbore does not differ significantly from these values. This has been reported earlier by Kazemi and Seth 1 3. One notes that at early time the solution for the two-layer reservoir coincides with that of the single-layer case. This was shown to be the case from the properties of the two-layer solution. At large values of time, the slopes of the curves are in agreement with the values obtained from Eq. 17. As is apparent on this figure, the .slopes of the curves must converge to m = 1.15 when k 2 h 2 = 0, which of course corresponds to the single-layer case for large values of time. Figure 4 illustrates the effects at the well bore of partial penetration in the upper layer of a two-layer reservoir as the penetration increases from 10% to 100%. As can be anticipated from Eq. 17, the slopes of the curves at large values of time are independent of the depth of penetration.
To illustrate the effect of transmissibility contrast (k2h 2 /k 1 h 1 ) on pressure drawdowns in a shut-in observation well, Figure 5 has been prepared for the particular case of a radial distance corresponding to r 0 = 40. Note that the effect of the second layer becomes significant when to > 10. At early times (t 0 < 1) the averaged result is essentially the same as at z = h 1 , and at large values of time the averaged results are about 10\ low. It is important to note that the slopes of the semilog straight lines for either result are s ti 11 in accord with Eq. 1 7.
A finite-element model was also used to provide a numerical approach to this same two-layer problem. Figure 7 shows a comparison of dimensi·on-less results for r 0 = 10, 20, and 100. Two different meshes were used to duplicate the conditions of the analytical model. The first mesh only included 323 nodal points and it is evident that computed drawdowns at any given time were too low when r 0 = 10 and 20 and too high when r 0 = 100. A second mesh using b81 nodal points gave much better agreement with the analytical results. · This suggests that some care must be exercised when approaching this kind of complex problem from the numerical standpoint.
APPLICATION TO RESERVOIR PUMP TESTS
If a well is completed through the total thickness of a two-layer reservoir and is pumped at constant rate, the analysis of the results can only yield the properties of the equivalent system. However, if the well is completed in only one part of either layer of the system, the following procedure can be used to investigate the properties of the individual layers. The properties of the layer being pumped can be determined from the early time response in the pumping well or an appropriately located observation well. The late time response can then be used to determine the properties of the unpumped layer.
Properties of Pumped Layer
Two different methods can be used to obtain results for the pumped layer: (a) the inflection method, and (b) the type-curve method. We shall present both below and then discuss a method of determining the properties of the unpumped layer.
The inflection method has been introduced by Hantush 17 for a single-layer aquifer with partial penetration and will be reviewed briefly. One should construct a semilog plot of pressure drawdown data from the pumping well or a nearby shut-in observation well versus time. The data may reveal an inflection as is illustrated by the dimensionless plot on Figure a . If and that has been tabulated18,19. One then calculates pressure drawdown at the inflection point from (25) where B = 4 when p = R./r and B = 8 when p = 2R./r.
From the semilog plot of pressure drawdown data, one reads the time, ti, corresponding to the value of APi. Finally, the product of (~cl 1 can be computed from:
The type-curve method is essentially the same as the standard log-log, type-curve method except that one must prepare a special plot of P 0 versus t 0 for the appropriate parameters corresponding to Hantush's16 solution for a single layer with partial penetration. In other words, the effects of the second layer are ,.., ignored. This method will again yield k 1 and (~c) 1 •
,)
The application of the inflection and type\l curve methods is based on the assumption that the early time response of the two-layer system is essentially controlled by the properties of the pumped layer. This is generally the case when the observation well is located at a radial distance from the pumping well that is less than half the thickness of the pumped layer. Since k 1 has been evaluated and h 1 is known, k 2 h 2 is readily calculated. If h 2 is also known, k2 is easily determined.
In order to determine the storage term, (~cl 2 , of the unpumped layer, it is necessary to have interference drawdown data from a shutin observation well at a distance large enough to satisfy r > h 1 + h 2 • As indicated by Eq. 16, an extrapolation of the straight-line portion of a semilog plot of up 1 versus log t back to the axis for zero drawdown yields the time intercept, to• From ·Eq. 18, one can then derive:
CONCLUSIONS
An analytic solution for the problem of transient flow toward a partially penetrating well in a two-layer reservoir has been presented. Solutions have been developed for the effects of a pumping well that is open in either layer. The solutions have been evaluated numerically, and graphical results for some typical cases are presented. The results have also been checked by comparison with finite-element calculations. It was shown that the solutions reduce to the case for a single layer with partial penetration. Asymptotic solutions for small and large values of time have been developed to show that: ( 1) at early times With partial penetration, the behavior of the pumped layer is exactly the same as that of a single layer, and (2) at large values of time, a semilog plot of drawdown versus time yields a straight line whose slope is only a function of the ratio k 2 h 2 /k 1 h 1 • Finally, a method of analyzing field data to determine ·the hydraulic properties of both the pumped and unpumped layers is proposed. Tant;~ent at lnfltcllcn paint
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Example of occurence of an inflection in the dimentionless results for pressure versus time at the wellbore for the particular case .2o = 0.1, k 2 /k 1 = o. 5, h 2 /h 1 0.5, ~2c 2 = q> 1 c 1 , z = h1' and r...,!h 1 = 0.01.
